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Abstract
We classify quadratic spaces over endomorphism fields of K3 surfaces. We consider
both totally real and CM cases.
Let E be a number field, [E : Q] = r + 2s, where r =| ΣR | is the number of real embed-
dings of E (ΣR = {σ : E → R}) and s =| ΣC | is the number of pairs (of complex-conjugate)
complex embeddings of E (ΣC = {(σ : E → C, σ¯ : E → C) | σ 6= σ¯}).
Let us assume that either E is totally real (and so s = 0) or E = E0(θ) is a CM-field
(and so r = 0), where E0 is a totally real field (fixed by the CM-involution) and θ
2 ∈ E0,
θ /∈ E0.
Let {e1, · · · , er+2s} be a basis of E/Q (and assume that er+s+i = θ · er+i for any i ≥ 1).
Denote by ξ 7→ ξ¯ the CM-involution on E (which is the identity, if E is totally real).
Let V be a vector space over E of dimension m = dimEV ≥ 1. Let Φ: V⊗EV → E be
a nondegenerate hermitian sesquilinear (with respect to the CM-involution on E) form on V .
Let {u1, · · · , um} be a basis of V over E.
Lemma 1. If E is totally real, then there is an isomorphism of R-vector spaces:
γ : V⊗QR −→
⊕
σ∈ΣR
Vσ, (v, c) 7→ (σ(v) · c)σ.
This decomposition is orthogonal with respect to the symmetric bilinear form tr◦Φ: V⊗QV →
Q (where tr : E → Q denotes the trace morphism).
For any σ ∈ ΣR the restriction of tr ◦ Φ onto Vσ is the localization of Φ at σ:
Φσ : Vσ⊗RVσ → R, (ξ, ζ) 7→ σ(Φ(ξ, ζ))
Proof: Let Vσ = γ
−1(Vσ) = {ξ ∈ V⊗QR | e · ξ = ξ · σ(e) for any e ∈ E} = V⊗E,σR.
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For any σ ∈ ΣR and i = 1, ..., m choose constants c(σ)i ∈ R such that
∑
i c
(σ)
i · σ′(ei) = δσ,σ′
(Kroneker symbol) for any σ, σ′ ∈ ΣR. Then for any σ and i we have: γ−1(ui⊗E,σ1) =∑
j (ej · ui)⊗Qc(σ)j .
For any σ, σ′ ∈ ΣR, (tr◦Φ)(ui⊗E,σ1, uj⊗E,σ′1) =
∑
k,l (tr ◦ Φ)((ek · ui)⊗Qc(σ)k , (el · uj)⊗Qc(σ
′)
l ) =∑
k,l c
(σ)
k · c(σ
′)
l · tr(ekel · Φ(ui, uj)) =
∑
σ′′
∑
k,l c
(σ)
k c
(σ′)
l · σ′′(ek) · σ′′(el) · σ′′(Φ(ui, uj)) = δσ,σ′ ·
σ(Φ(ui, uj)). QED
Lemma 1’. If E is a CM-field, then there is an isomorphism of C-vector spaces:
γ : V⊗QC −→
⊕
σ∈ΣC
(Vσ ⊕ Vσ¯), (v, c) 7→ (σ(v) · c, σ¯(v) · c)σ.
This decomposition (over σ ∈ ΣC) is orthogonal with respect to the symmetric bilinear form
tr ◦ Φ: V⊗QV → Q.
For any σ ∈ ΣC the restriction of tr ◦ Φ onto Vσ is the localization of Φ at σ: (tr ◦
Φ)(Vσ, Vσ) = 0 and
(tr ◦ Φ)|Vσ = Φσ : Vσ⊗CVσ¯ → C, (ξ, ζ¯) 7→ σ(Φ(ξ, ζ))
Proof: Let Vσ = γ
−1(Vσ) = {ξ ∈ V⊗QC | e · ξ = ξ · σ(e) for any e ∈ E} = V⊗E,σC.
For any σ ∈ ΣC and i = 1, ..., m choose constants c(σ)i ∈ C such that
∑
i c
(σ)
i · σ′(ei) = δσ,σ′
for any σ, σ′ ∈ ΣC. Then for any σ and i we have: γ−1(ui⊗E,σ1) =
∑
j (ej · ui)⊗Qc(σ)j .
Note that c
(σ)
i = c
(σ¯)
i and Vσ = Vσ¯ as C-vector subspaces of V⊗QC.
For any σ, σ′ ∈ ΣC, (tr ◦ Φ)(ui⊗E,σ1, uj⊗E,σ′1) = δσ,σ′ · σ(Φ(ui, uj)) by the same compu-
tation as in the previous Lemma. QED
Corollary 1. tr ◦ Φ: V⊗QV → Q is a nondegenerate symmetric bilinear form.
Corollary 2. If E is a CM-field, then there is an orthogonal (with respect to tr ◦ Φ)
decomposition:
V⊗QR =
⊕
σ∈ΣC
(Wσ ⊕Wσ)
such that the restriction of tr ◦Φ onto Wσ is the localization of the nondegenerate symmetric
E0-bilinear form Φ0 : V⊗E0V → E0, (ξ, ζ) 7→ Φ(ξ, ζ)+Φ(ζ, ξ) induced by Φ at the embedding
σ|E0 : E0 → R of E0 corresponding to σ ∈ ΣC.
Proof: Since {u1⊗E,σ1, · · · , um⊗E,σ1, u1⊗E,σ¯1, · · ·um⊗E,σ¯1} is a C-basis of Vσ ⊕ Vσ¯ ⊂
V⊗QC, {u1⊗E,σ1+u1⊗E,σ¯1, u1⊗E,σ
√−1−u1⊗E,σ¯
√−1, · · · , um⊗E,σ1+um⊗E,σ¯1, um⊗E,σ
√−1−
um⊗E,σ¯
√−1} is an R-basis of (V⊗QR) ∩ (Vσ ⊕ Vσ¯) =Wσ ⊕W ′σ.
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We define Wσ = R(u1⊗E,σ1 + u1⊗E,σ¯1) + · · · + R(um⊗E,σ1 + um⊗E,σ¯1) and W ′σ =
R(u1⊗E,σ
√−1 − u1⊗E,σ¯
√−1) + · · ·+ R(um⊗E,σ
√−1− um⊗E,σ¯
√−1).
Note that (tr ◦ Φ)(ui⊗E,σ1 + ui⊗E,σ¯1, uj⊗E,σ
√−1 − uj⊗E,σ¯
√−1) = 0, i.e. Wσ and W ′σ
are orthogonal with respect to tr ◦ Φ, (tr ◦ Φ)(ui⊗E,σ1 + ui⊗E,σ¯1, uj⊗E,σ1 + uj⊗E,σ¯1) =
(tr ◦Φ)(ui⊗E,σ
√−1−ui⊗E,σ¯
√−1, uj⊗E,σ
√−1−uj⊗E,σ¯
√−1) = σ(Φ(ui, uj))+ σ¯(Φ(ui, uj)).
QED
We will say that the E-quadratic space (V,Φ) is of K3 type, if the Q-vector space V ad-
mits a weight 2 Hodge structure, which is polarized by the bilinear form tr ◦Φ and coincides
with the polarized Hodge structure on the transcendental Q-lattice of a K3 surface and such
that there is an isomorphism of Q-algebras E ∼= EndHdg(V ) (where EndHdg(V ) denotes the
algebra of endomorphisms of V preserving the Hodge decomposition), which identifies the
structures of a E-module and of a EndHdg(V )-module on V .
We will say that a nondegenerate hermitian sesquilinear form Φ: H⊗OEH → OE (where
OE is the ring of integers of E) on a free and finitely generated OE-module H is of K3 type,
if the abelian group H admits a weight 2 Hodge structure, which is polarized by the bilinear
form tr ◦ Φ and coincides with the polarized Hodge structure on the transcendental lattice
of a K3 surface and such that there is an isomorphism of Q-algebras E ∼= EndHdg(H⊗ZQ),
which identifies the structures of a E-module and of a EndHdg(H⊗ZQ)-module on H⊗ZQ.
Let Λ = E8(−1)⊕2 ⊕ U⊕3 be the second cohomology lattice of a K3 surface.
It is clear that if (V,Φ) (respectively, (H,Φ)) is of K3 type, then there is an embed-
ding of Q-lattices (V, tr ◦ Φ) →֒ Λ⊗ZQ (respectively, a primitive embedding of lattices
(H, tr ◦ Φ) →֒ Λ), as well as the condition on signatures described in the Theorem be-
low. In fact, using the results of Zarhin [7] one can show that these conditions are also
sufficient:
Theorem 1. (V,Φ) is of K3 type, if and only if the following conditions hold:
(1) there is an embedding of Q-lattices (V, tr ◦ Φ) →֒ Λ⊗ZQ,
(2) if E is totally real, then m ≥ 3 and there is σ0 ∈ ΣR such that sign(Φσ0) = (2, m− 2)
and for any σ ∈ ΣR, σ 6= σ0, sign(Φσ) = (0, m),
(3) if E is a CM-field, then m ≥ 1 and there is σ0 ∈ ΣC such that sign(Φσ0) = (1, m− 1)
and for any σ ∈ ΣC, σ 6= σ0, σ¯0, sign(Φσ) = (0, m).
Proof: Assuming that these conditions are satisfied, one has to find f ∈ V⊗QC such
that (tr ◦ Φ)(f, f) = 0, (tr ◦ Φ)(f, f¯) > 0 and ker(V → C, u 7→ (tr ◦ Φ)(u, f)) = 0. This
will give a weight 2 Hodge structure on V polarized by tr ◦ Φ with H2,0 = Cf . Then one
needs to make sure that E = EndHdg(V ), which in particular means that for any e ∈ E
multiplication by e on V preserves Hodge decomposition. This implies that f ∈ Vσ ⊂ V⊗QC
for some σ ∈ Σ = ΣR ∪ ΣC. Moreover, it is clear that one should have σ = σ0.
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Let us check that a (very) general f ∈ Vσ0 works. Let us assume that {u1, · · · , um} is an
orthogonal basis of V , di = Φ(ui, ui) and σ0(d1) ≥ σ0(d2) ≥ · · · ≥ σ0(dm).
Case 1: E is totally real and m ≥ 4. Let f = f1 + if2, where f1, f2 ∈ Vσ0 ⊂ V⊗QR are
defined as follows:
f1 =
1√
σ0(d1)
· u1 +
∑
i≥3
xi√| σ0(di) | · ui,
f2 =
1√
σ0(d2)
· u2 +
∑
i≥3
yi√| σ0(di) | · ui,
where (x3, · · · , xm) ∈ Rm−2 is a (very) general vector and (y3, · · · , ym) ∈ Rm−2 is a (very)
general vector such that
∑m
i=3 xi · yi = 0 and
∑m
i=3 (xi)
2 =
∑m
i=3 (yi)
2.
On multiplying xi and yj by the same (very) general λ ∈ (0, 1), one can guarantee that
(tr ◦ Φ)(f, f) = (tr ◦ Φ)(f1, f1) − (tr ◦ Φ)(f2, f2) = 0 and (tr ◦ Φ)(f, f¯) = (tr ◦ Φ)(f1, f1) +
(tr ◦ Φ)(f2, f2) = 2 · (1−
∑m
i=3 (xi)
2) > 0.
If u =
∑
i aiui ∈ V and (tr ◦ Φ)(u, f) = 0, then 0 = (tr ◦ Φ)(u, f1) = σ0(a1) ·
√
σ0(d1)−∑
i≥3 σ0(ai) ·
√| σ0(di) | · xi, which implies that ai = 0 for any i, since all xj are (very) gen-
eral (we use the fact that E is countable, while R is not). Hence u = 0.
Hence f gives a weight 2 Hodge structure on V . By the Torelli theorem for K3 surfaces
[3] there is a K3 surface X and a marking H2(X,Z) ∼= Λ, which identifies V with the tran-
scendental Q-lattice of X , as well as their polarized Hodge structures.
Let us check that E = EndHdg(V ). By a theorem of Zarhin (Theorem 1.6 in [7]) V is
a simple Hdg-module and EndHdg(V ) is a (totally real or CM-) field of algebraic numbers.
Since f ∈ Vσ0 , we have an embedding E ⊂ EndHdg(V ). Note that the restriction of the
involution on EndHdg(V ) constructed in [7] to E coincides with the CM-involution on E (if
E is a CM-field) or with the identity (if E is totally real).
Hence by Schur’s lemma it is enough to show that any α ∈ EndHdg(V ) has an eigenvec-
tor on Vσ0 ⊂ V⊗QC with eigenvalue in σ0(E) ⊂ C. Note also that any α ∈ EndHdg(V ) is
E-linear and hence α(Vσ) ⊂ Vσ. We may assume that α 6= 0, i.e. is an E-linear isomorphism
of V .
Let α(f1 + if2) = (c1 + ic2) · (f1 + if2), where c1, c2 ∈ R. We need to show that c2 = 0
and c1 ∈ σ0(E) ⊂ R. If we take α(ui) =
∑
j αij · uj and aij = σ0(αij), then
α(f1) =
∑
j
(
a1j√
σ0(d1)
+
∑
i≥3
aij√
| σ0(di) |
· xi
)
· uj = c1 · f1 − c2 · f2
α(f2) =
∑
j
(
a2j√
σ0(d2)
+
∑
i≥3
aij√| σ0(di) | · yi
)
· uj = c1 · f2 + c2 · f1
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This implies that c1 = a11 +
∑
i≥3
ai1·
√
σ0(d1)√
|σ0(di)|
· xi = a22 +
∑
i≥3
ai2·
√
σ0(d2)√
|σ0(di)|
· yi and
c2 = −a12 ·
√
σ0(d2)
σ0(d1)
−∑i≥3 ai2·
√
σ0(d2)√
|σ0(di)|
· xi = a21 ·
√
σ0(d1)
σ0(d2)
+
∑
i≥3
ai1·
√
σ0(d1)√
|σ0(di)|
· yi. Since xi
and yj are (very) general, ai1 = ai2 = 0 for any i ≥ 3. Hence c1 = a11 = a22 ∈ σ0(E) ⊂ R
and c2 = −a12 ·
√
σ0(d2)
σ0(d1)
= a21 ·
√
σ0(d1)
σ0(d2)
.
Now equalities above imply (since xi and yj are very general) that c2 = a12 = a21 = 0.
Hence α ∈ E and so E = EndHdg(V ).
Case 2: E is totally real and m = 3. Let f = f1 + if2, where f1, f2 ∈ Vσ0 ⊂ V⊗QR are
defined as follows:
f1 =
1√
σ0(d1)
· u1 + x3√| σ0(d3) | · u3,
f2 =
√
1− (x3)2√
σ0(d2)
· u2,
where x3 ∈ (0, 1) ⊂ R is (very) general.
Then (tr ◦ Φ)(f, f) = 0, (tr ◦ Φ)(f, f¯) = 2(1 − (x3)2) > 0 and if (tr ◦ Φ)(a1u1 + a2u2 +
a3u3, f) = 0 (where a1, a2, a3 ∈ E), then a1 = a2 = a3 = 0.
If α : V −→ V is a E-linear automorphism such that α(f1 + if2) = (c1 + ic2) · (f1 + if2),
where c1, c2 ∈ R, then one sees as in Case 1 above that c1 ∈ σ0(E), c2 = 0 and so α is a left
multiplication by some a ∈ E.
Case 3: E is totally real and m = 2. We will see that in this case a suitable f ∈ V⊗QC
does not exist. In fact, if f = f1 + if2, where f1, f2 ∈ Vσ0 ⊂ V⊗QR, then we should have:
f1 =
1√
σ0(d1)
· u1 + x√
σ0(d2)
· u2,
f2 = − x√
σ0(d1)
· u1 + 1√
σ0(d2)
· u2,
where x ∈ R.
However, a E-linear automorphism of V = E ·u1⊕E · u2 given by a matrix
[
0 −d1
d2 0
]
maps f to
√−σ0(d1)σ0(d2) · f and so is an element of EndHdg(V ), i.e. E 6= EndHdg(V ) in
this case.
Case 4: E is a CM-field and m ≥ 1. Let
f =
1√
σ0(d1)
· u1⊗E,σ01 +
∑
i≥2
xi√
| σ0(di) |
· ui⊗E,σ01,
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where (x2, · · · , xm) ∈ Cm−1 is a (very) general vector such that
∑
i≥2 | xi|2 ∈ [0, 1) ⊂ R.
Then (tr ◦ Φ)(f, f) = 0, (tr ◦ Φ)(f, f¯) = 1 −∑i≥2 | xi|2 > 0 and if (tr ◦ Φ)(u, f) = 0 for
some u ∈ V , then u = 0.
If m = 1, then equality E = EndHdg(V ) is automatic. So, we may assume that m ≥ 2.
Let α ∈ EndHdg(V ) be E-linear, α(ui) =
∑
j αijuij, αij ∈ E, aij = σ0(αij) such that
α(f) = c · f , where c ∈ C. We have to show that c ∈ σ0(E) ⊂ C.
We have: c = a11 +
∑
i≥2
ai1·
√
σ0(d1)√
|σ0(di)|
· xi and for any j ≥ 2, xj√
|σ0(dj)|
· c = a1j√
σ0(d1)
+∑
i≥2
aij√
|σ0(di)|
· xi. Since xi are (very) general, this implies that ai1 = 0 for all i ≥ 2, i.e.
c = a11 ∈ σ0(E). QED
Corollary 3. An OE-lattice Φ: H⊗OEH → OE is of K3 type, if and only if the following
conditions hold:
(1) there is a primitive embedding of lattices (over Z) (H, tr ◦ Φ) →֒ Λ,
(2) if E is totally real, then m ≥ 3 and there is σ0 ∈ ΣR such that sign(Φσ0) = (2, m− 2)
and for any σ ∈ ΣR, σ 6= σ0, sign(Φσ) = (0, m),
(3) if E is a CM-field, then m ≥ 1 and there is σ0 ∈ ΣC such that sign(Φσ0) = (1, m− 1)
and for any σ ∈ ΣC, σ 6= σ0, σ¯0, sign(Φσ) = (0, m).
Remark. (1) Necessary and sufficient conditions for the existence of a primitive em-
bedding of two lattices were obtained by Nikulin [2]. (See also [1] for the special case of
primitive embeddings into Λ.)
(2) According to [6] there exists an embedding of Q-lattices M →֒ N , if and only if there
exists a Q-lattice M ′ of signature sign(M ′) = sign(N) − sign(M) such that disc(M ′) =
disc(N)·disc(M) ∈ Q∗/(Q∗)2 and for any prime p ∈ Z, ǫp(M ′) = ǫp(N)·ǫp(M)·(disc(M), disc(M ′))p =
ǫp(N) · ǫp(M) · (disc(M),−disc(N))p (here ǫp(−) is the Hasse invariant and (−,−)p is the
Hilbert symbol). This is equivalent to the following condition:
• sign(N) ≥ sign(M) (which in particular means that rk(M) ≤ rk(N)),
• (disc(M),−disc(N))∞ = (−1)m−·(n−+1) (if we denote sign(N) = (n+, n−) and sign(M) =
(m+, m−)),
• if rk(M) = rk(N)−1, then ǫp(N) ·ǫp(M) = (disc(M),−disc(N))p for all primes p ∈ Z,
• if rk(M) = rk(N) − 2 and (−disc(N) · disc(M)) ∈ (Q∗p)2, then ǫp(N) · ǫp(M) =
(disc(M),−1)p.
In case N = Λ⊗ZQ we have disc(N) = −1, sign(N) = (3, 19) and ǫp(N) = (−1)p−1.
Let us also assume that sign(M) = (2, t). Then there exists an embedding of Q-lattices
M →֒ Λ⊗ZQ, if and only if:
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• t ≤ 19 and
• if t = 19 or (t = 18 and disc(M) ∈ (Q∗p)2), then ǫp(M) = (−1)p−1.
(3) Diagonalizing Φ = d1 · (X1)2+ d2 · (X2)2+ · · · dm · (Xm)2 we can decompose Q-lattice
(V, tr ◦ Φ) as follows. Note that {ei · uj} is a Q-basis of V and (tr ◦ Φ)(ei · uj, ei′ · uj′) =
δjj′ · tr(ei · ei′ · dj).
For any totally real number field F and a ∈ F , a 6= 0 let us denote by TrF < a > the
scaled trace form on F , i.e. TrF < a > : F⊗QF → Q, (ξ, ζ) 7→ TrF (ξ · ζ · a). This is a non-
degenerate symmetric bilinear form with discriminant disc(TrF < a >) = NormF (a) · dF ,
where dF is the discriminant of F (see [4], for example).
If E is totally real, we conclude that (V, tr ◦ Φ) ∼=⊕mj=1 TrF < dj > as Q-lattices.
If E = E0(θ) is a CM-field, then for any i, i
′ = 1, ..., s, (tr◦Φ)(ei ·uj, ei′+s ·uj) = tr(ei ·ei′+s ·
dj) = trE(−ei ·ei′ ·θ ·dj) =
∑
σ∈ΣC
(σ(−ei · ei′ · θ · dj) + σ¯(−ei · ei′ · θ · dj)) = 0 (we are assum-
ing that ei′+s = θ·ei′ , θ¯ = −θ, ei′ = ei′), (tr◦Φ)(ei·uj, ei′ ·uj) = trE(ei·ei′ ·dj) = 2·trE0(eiei′ ·dj)
and (tr ◦Φ)(ei+s · uj, ei′+s · uj) = trE(ei · ei′ · (−θ2 · dj)) = 2 · trE0(eiei′ · (−θ2 · dj)). Hence in
this case (V, tr ◦ Φ) ∼=⊕mj=1(TrE0 < dj > (2)⊕ TrE0 < −θ2dj > (2)) as Q-lattices.
Corollary 4. If E is totally real, then (V,Φ) is of K3 type, if and only if the following
conditions are satisfied:
(1) 3 ≤ m ≤ 21, 1 ≤ r ≤ 21
m
,
(2) there is σ0 ∈ ΣR such that sign(Φσ0) = (2, m − 2) and for any σ ∈ ΣR, σ 6= σ0,
sign(Φσ) = (0, m),
(3) if mr = 21 or (mr = 20 and (dE)
m · NormE(disc(Φ)) ∈ (Q∗p)2), then ǫp(⊕mj=1TrE <
dj >) = (−1)p−1.
Proof: t = mr − 2, disc(M) =∏mj=1 disc(TrE < dj >) = (dE)m ·NormE(disc(Φ)). QED
Corollary 4’. If E = E0(θ) is a CM-field, then (V,Φ) is of K3 type, if and only if the
following conditions are satisfied:
(1) 1 ≤ m ≤ 10, 1 ≤ s ≤ 10
m
,
(2) there is σ0 ∈ ΣC such that sign(Φσ0) = (1, m − 1) and for any σ ∈ ΣC, σ 6= σ0, σ¯0,
sign(Φσ) = (0, m),
(3) if ms = 10 and (NormE/Q(θ))
m ∈ (Q∗p)2, then ǫp(⊕mj=1TrE0 < dj >) · ǫp(⊕mj=1TrE0 <
−θ2 · dj >) = (−1)p−1 · (2s · (dE0)m ·NormE0(disc(Φ)),−1)p.
Proof: t = 2ms−2, disc(M) =∏mj=1 (2s · disc(TrE0 < dj >) · 2s · disc(TrE0 < −θ2 · dj >)) =
4ms · (dE0)2m · (NormE0(−θ2))m · (NormE0(disc(Φ)))2. For any Q-lattice W , ǫp(W (2)) =
7
ǫp(W ) · (2, (−1)rk(W )(rk(W )−1)/2 · (disc(W ))rk(W )−1)p QED
Corollary 5. If E 6= Q is totally real and (V,Φ) is of K3 type, then
(m, r) ∈ {(3,≤ 7), (4,≤ 5), (5,≤ 4), (6, 3), (6, 2), (7, 3), (7, 2), (8, 2), (9, 2), (10, 2)}.
If E = Q and (V,Φ) is of K3 type, then 3 ≤ m ≤ 21.
If E 6= Q is totally real, ( there is σ0 ∈ ΣR such that sign(Φσ0) = (2, m− 2) and for any
σ ∈ ΣR, σ 6= σ0, sign(Φσ) = (0, m) ) and
(m, r) ∈ {(3,≤ 6), (4,≤ 4), (5, 3), (5, 2), (6, 3), (6, 2), (7, 2), (8, 2), (9, 2)},
then (V,Φ) is of K3 type.
If E = Q, sign(Φ) = (2, m− 2) and 3 ≤ m = dim(V ) ≤ 19, then (V,Φ) is of K3 type.
Corollary 5’. If E = E0(θ) is a CM-field, θ
2 ∈ E0, E0 6= Q is the totally real subfield
(fixed by the CM-involution) and (V,Φ) is of K3 type, then
(m, r) ∈ {(1,≤ 10), (2,≤ 5), (3, 3), (3, 2), (4, 2), (5, 2)}.
If E = Q(θ) is a CM-field (θ2 ∈ Q) and (V,Φ) is of K3 type, then 1 ≤ m ≤ 10.
If E = E0(θ) is a CM-field, θ
2 ∈ E0, E0 6= Q is the totally real subfield (fixed by the
CM-involution), ( there is σ0 ∈ ΣC such that sign(Φσ0) = (1, m − 1) and for any σ ∈ ΣC,
σ 6= σ0, σ¯0, sign(Φσ) = (0, m) ) and
(m, r) ∈ {(1,≤ 9), (2,≤ 4), (3, 3), (3, 2), (4, 2)},
then (V,Φ) is of K3 type.
If E = Q(θ) is a CM-field (θ2 ∈ Q), sign(Φ) = (1, m − 1) and 1 ≤ m = dim(V ) ≤ 9,
then (V,Φ) is of K3 type.
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